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If r, k are positive integers, then Tk’(n) denotes the number of k-tuples of . . . 
positive mtegers (x1 ,*x8 ,..., X& with 1 < xi <n and (x1, xz....,x& = 1. 
An explicit formula for T,‘(n) is derived and it is shown that lim,,,, T,r(n)/@ = 
l/&k). 
I f  s = {Pl , Pa ,*-.3 pa} is a finite set of primes, then <S) = {p$& **=&a ; 
pr ES and al > 0 for all i} and Tkr(S, n) denotes the number of k-tuples (x1 , 
xa ,..., x~) with 1 < xi < n and (x1 , x2 ,..., x& E <S>. Asymptotic formulas 
for Tnr(S, n) are derived and it is shown that Ii&,, Tkr(S, n)/nL = (pI ‘**p3y 
<(rk)(prk - 1) *a* (pr* - 1). 1 * 
1. INTR~D~JCTI~N 
Lehmer [2] and more recently Nymann [3] have both considered the 
number of k-tuples of positive integers (x1, xz ,..., xk) with 1 < xi 6 n 
and (x1, x2 ,..., xk) = 1. (We shall use (x1, X, ,..., xk) to denote both the 
k-tuple of integers and the greatest common divisor. No confusion will 
arise from this abuse of notation.) If we denote the number of such k-tuples 
by T,(n), then both obtain asymptotic formulas for T,(n) and show that 
limn+co Tk(n)/nk = l/c(k). This may be interpreted to mean that the 
probability that k integers are relatively prime is l/<(k). 
Theorem 6 extends this result. If r is a positive integer, then we define 
the rth power greatest common divisor of a and b by (a, b),. = d if d is the 
largest rth power that divides both a and b. If (a, b)7 = 1, then we say 
that a and b are relatively r-prime. Theorem 6 states that the probability 
that k integers are relatively r-prime is l/{(rk). 
*These results are contained in the author’s thesis which was written under the 
direction of Harlan Stevens at The Pennsylvania State University. 
218 
Copyright 0 1976 by Academic Press, Inc. 
AU rights of reproduction in any form reserved. 
RELATIVELY T-PRIME INTEGERS 219 
2. THE TOTIENT T,'(n) 
DEFINITION. If r > 1, s > 0 are integers, then J,“(n) denotes the number 
of s-tuples (x1 , x2 ,..., x,) with 1 < xi f n and (x1 , x2 ,..., x, , n), = 1. 
Note that JS1 is the ordinary Jordan function and J,” is the characteristic 
function for the set of r-free integers, i.e., 
if it is r-free 
if p’ ( n for some prime p. 
A simple inclusion/exclusion argument shows that 
J,‘(n) = ns n (1 - p-‘5) = ns C /.&I) d--Ts, 
Pyn d’ln 
(1) 
THEOREM 1. For s 3 0, r > 1 we have 
C J,W) = n/5(r) + WV, vs=O,r>2, 
m=1 
= n2/25(2) + O(n log n), ifs = r = 1, 
= n8+l/(s + 1) &(s + 1)) + OW, otherwise. 
Proof. The proof is similar to the proof for the Jordan function. 
Details may be found in [l]. 
DEFINITION. If r > 1, k >, 1 are integers, then T,‘(n) denotes the 
number of k-tuples (x1, x2,..., xk) with 1 < xi < n and (x,, x2 ,..., x&. = 1. 
Also T,,c(n) = 0 for all n, r. 
THEOREM 2. If r >, 1, k > 1, then 
Tk’(4 = k f J,‘-,(m) - i (w - 1) (3 [ (i, .K,(m)) - T;&z) j . 
T?Z=l to=2 
Proof. J~&v) is the number of k-tuples (x1, x2 ,..., xK) with 
1 < xi < x1 = m and (x1, x2 ,..., x& = 1. Hence CzL1 J;-l(m) is the 
number of k-tuples (x1 , x2 ,..., x~)~ = 1 with 1 < xt < xl < n and 
kC zS1 Jo&) is the number of k-tuples (x1, x2 ,..., ~3, = 1 with 1 < xi < 
xj < n for some 1 <:j < k. This is not equal to T,‘(n) since we have 
counted some of the k-tuples more than once. For example, if k = 4, 
r = 2 and n >, 3, then (2,2,2, 1) is counted three times by k Cz-, J;...,(m). 
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Let SL,&) be the number of k-tuples (x1 , x2 ,..., x& = 1 with xi1 = 
xi* = **- = xi, < n for some (il , iz ,..., iK) C {I, 2 ,..., k) and such that if 
.i $ (4 , j2 ,..., i,>, then xI < xi1 . Now each k-tupie that is counted once 
by SQn) is counted w  times by k C”,=, J,‘-,(m). Hence 
rk*(n) = k f J;&n) - i (w - 1) %,&). 
n1=1 t&l=2 
(2) 
If R~,&z) is the number of k-tuples (x1 , x2 ,..., xJ,. = 1 with 1 < xi < 
x, <n and x1 = x2 = *** = x, with x, < x, for s > w, then S[,,(n) = 
(3 R;,,(n). Now if x1 = x2 = ..* = x, , then (x1 , x, ,..., X& = (xw , 
&,l ,‘**, x3, * Hence R&,(n) is the number of k - w  + I-tuples 
(x1 , x2 ,..., xk+,+& = 1 with 1 < xi < n and x, < x1 for s > 1. 
Let Us?(n) be the number of s-tuples (x1 , x, ,..., x,), = 1 with I < xi < n 
and xi < x1 for i # 1. We see that R;,,(n) = U,7-,+,(n) and 
Us’(n) = A,r(n) - B,yn), 
where A,@) is the number of s-tuples (x1 , x2 ,..., x,), = 1 with 1 < xi < 
x1 ,< n and B,‘(n) is the number of s-tuples (x1, x2 ,..., x,), = 1 with 
1 < xi < x1 < n and x1 = xj for some j # 1. Now A,‘(n) is Xi=, Jkl(m) 
and B,‘(n) is the number of s - I-tuples (x1, x2 ,..., x,& = 1 with 
1 < xi < n. Hence, B,‘(n) = T,7&) and 
Substituting this into (2) completes the proof. 
THEOREM 3. If r 3 2, then the number of r-free integers < n is 
C Jo’(m) = n/l(r) + O(rW). 
ProojI T,+(n) is the number of r-free integers < n. By Theorem 2, 
T,‘(n) = xzc, JO’(m) and by Theorem 1 
m$l Jo’(m) = n/5(r) + WW. 
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THEOREM 4. The number of ordered pairs (x1, x2) = 1 with 1 < x1 , 
x2 < n is 
2 i JlYm> - 1 = nz/5(2> + o(t2 log 17). 
m=1 
Proof. Immediate from Theorems 1 and 2. 
Of course, Theorems 3 and 4 are well known, but it is interesting to note 
that they are special cases of a more general theory. 
THEOREM 5. If k # 1 and rk > 2, then the number of k-tuples (x1, 
x2 ,..., x& = 1 with 1 < xi < n is nk/[(rk) + O(n”-l). 
Proof. The number of such k-tuples is rkr(n). By Theorem 1, Cz=, 
JAI(m) = n’“/kl;(rk) + O(n”-l). If we note that for w  >, 2, I”,=, Jk,(m) = 
O(n”-I), then the result follows from Theorem 2. 
THEOREM 6. If rk 3 2, then limaaca Tk7(n)/nk = l/c(rk). 
Proof. Immediate from the above theorems. 
Theorem 6 may be interpreted to mean that if k positive integers are 
chosen at random, then the probability that they are relatively r-prime is 
115W>. 
3. RELATED RESULTS 
We can obtain similar results when we consider a related question. 
DEFINITION. If S = {pl , pz ,..., p8} is a finite set of primes, then 
w = {PFP2 *a* ptypi ES and ai 3 0 for all i). Also, S = {p;p is a 
prime and p $ S} and (S) = {p”,lp$ -**pit; pi ES and bi > 0 for all i>. 
The positive integers form a monoid under multiplication and (S>, 
(S) are the submonoids generated by S, S. 
Now we can consider a question that is related to the previous considera- 
tions. If k positive integers x1 , x, ,..., xk are chosen at random, what is the 
probability that (x1 , x, ,..., x& E (S)? We need a few preliminary results 
before we can answer this question. 
DEFINITION. If k > 0, r 3 1 and S = {pl , pz ,..., ps) is a finite set of 
primes, then Jk*(S, n) denotes the number of k-tuples (x1 , .Y% ,..., .Y~) with 
1 < xi f n and (x1 , x, ,..., xk , n), E (S). 
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As simple application of inclusion/exclusion shows that 
THEOREM 7. If s = (PI 3 Pz ,..*, ps} and Jn’(S, n) is defined as above, 
then the following hold: 
6) Ck JW, 4 = hm *a* P,>~/X(~)(P~” - 1) **a (PS” - 1) + 
O(n log n). 
(b) If r 3 2, then 
f JO$?, m) = nplc ..- p,‘/f;(r)(p,’ - 1) *.a (p,’ - 1) + O(n1/3. 
tI%=l 
(4 If rk 2 2, then 
il J,‘(S, n) = nk+l(pl a** pg)r(k+l)/(k + 1) S(r(k + 1)) 
x (p;(k+l) - 1) *-. (~:(~+l) - 1) + O(n’). 
Proof. See [I 1. 
DEFINITION. If Sis a finite set of primes and r 3 1, k 2 1, then T,‘(S, n) 
denotes the number of k-tuples (x1, x2 ,..., XJ with 1 < xi < n and 
( xl , x2 ,..., x~)~ E (S). Also, T,,‘(S, n) = 0 for all 1. 
Using the same method as in the proof of Theorem 2, we obtain the 
following theorem. 
THEOREM 8. Zf k >, 1,then 
TK’(S, n) = k c Ji-,(S, n) 
m=1 
JLAX 4 - T,'-,(S, n) ) 
Using the asymptotic formulas of Theorem 7 we obtain the following 
theorem. 
THEOREM 9. Zf rk > 2, then 
$+% Tk’(S, 4/n” = (pIp2 .**ps)‘k/5(rk)(p;” - 1) ..a (p:” - 1). 
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We may interpret this to mean that if k positive integers x1 , xz ,..., xI; are 
chosen at random, then the probability that (x1, x2 ,..., x3,. E (S) is 
(pIp2 ***pP/S(rk)(p? - 1) .** (P:” - 1). 
Similarly, we can show that the probability that (x1, x2 ,..., X& E 
(S) is (p;” - 1) em* (p’,” - 1)/p;” 1.. p:“. 
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